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Correlations of stocks in time have been widely studied. Both the random matrix theory
approach and the graphical visualization of so-called minimum spanning trees show the
clustering of stocks according to industrial sectors. Studying the correlation between
stocks traded in markets of di!erent countries, we show that the random matrix theory
approach is able to separate stocks according to their geographical location, provided
that they are not strongly correlated. These results are compared with the results from
random time series created using the market model, where the main factor is the mean
of returns of the stocks of each sector.
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1. Introduction

Correlations between time series have been widely studied by the physics commu-
nity in the last decade [1,2]. The search for the nature of time series of stock prices
and their correlations plays a crucial role in the area of econophysics. Random
matrix theory helped to clarify the di!erence between random and non-random
information [3–8], and the graphical visualization of so-called minimum spanning
trees [9] helped to visualize the formation of clusters of industrial sectors [8,10] and
geographical location [8, 11].

In this paper we use random matrix theory to examine the correlation between
stocks traded on markets of di!erent countries and compare the results with those
obtained from a simple market model. Based on a study of correlations of indices
from di!erent countries [11] where we analyzed the minimum spanning trees of 53
indices around the world, we want to study the cross-correlations between stocks
that belong to di!erent markets. In this previous study, the indices cluster in terms
of geographical location and they were localized in a central cluster of Western
and Central European markets and three other clusters around: North and South
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American markets, Asia–Pacific markets and Eastern European markets. The cen-
tral indices were France and Germany. So, for our study of stocks from di!erent
locations, we chose three countries from di!erent geographical clusters: France, the
UK and the USA (the UK and the USA are separated from France by two links
in the MST of our previous study [11]) and three countries from the same geo-
graphical cluster as France, the Netherlands and Belgium (France and Belgium are
separated from the Netherlands by one link in the MST of our previous study [11]).
Our data is the daily closure price in US dollars for 3127 days, from 30 December
1994 to 1 January 2007. Our first portfolio contains 208 stocks from the markets
of Paris, Amsterdam and Brussels, with 117, 61 and 30 stocks, respectively. The
second portfolio contains 644 stocks from the Paris, London and New York markets,
with 117, 313 and 214 stocks, respectively. We divided these stocks into groups of
industrial sectors using the ICB classification [12]. We used only stocks that were
classified in one market/country and we dropped all the stocks classified in more
than one.

In the next section we review the methodology of our analysis and then present
our results and conclusions.

2. Tools

2.1. Correlation matrix

The correlation between time series compares the evolution of two time series in
time. So we can analyze pairs of the time series of returns of stock prices using this
correlation. The correlation coe"cient !ij between stocks i and j is given by

!ij =
!RiRj" # !Ri"!Rj"!

(!R2
i " # !Ri"2)

"
!R2

j" # !Rj"2
# , (1)

where Ri is the vector of the time series of log returns, Ri(t) = ln Pi(t)#ln Pi(t#1),
with Pi(t) the price of stock i at time t. The notation !· · ·" means an average over
time 1

T

$t+T!1
t!=t . . . , where t is the beginning of the series and T is the length of

the time series. If the time series are normalized,

R̃i =
Ri # !Ri"%
!R2

i " # !Ri"2
, (2)

the correlation coe"cient is given by [1]

!ij = !R̃iR̃j". (3)

The correlation coe"cient varies thus: #1 $ !ij $ 1 (#1 means completely anti-
correlated, +1 completely correlated and 0 uncorrelated). The coe"cients form a
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symmetric N % N matrix with diagonal elements equal to unity, which can be
represented as

C =
1
T

GGT , (4)

where G is an N % T matrix with elements R̃i(t), and GT denotes the transpose
of G.

2.2. Random matrix theory

The eigensystem of the correlation matrix has information about the data that we
study — in this case financial data. The spectrum of eigenvalues and the distribution
of elements for each eigenvector di!er markedly from the one for random matrices
[6, 7].

The so-called random Wishart matrix, which is one particular kind of random
matrix, is defined by [13]

C" =
1
T

G"G"T , (5)

where G" is an N % T matrix with columns of time series with zero mean and unit
variance, which are uncorrelated. The spectrum of eigenvalues can be calculated
analytically. In the limit N & ' and T & ', with Q = T/N fixed, and bigger
than 1, the probability density function of eigenvalues of the random matrix is
given by

PRM(") =
Q

2#$2

%
("max # ")(" # "min)

"
. (6)

Here

"max
min = $2

&
1 ± 1(

Q

'2

(7)

limits the interval where the probability density function di!ers from zero. The
parameter $2 is the variance of the elements of G", which in our case is unity.

In our case of financial data such eigenvalues correspond, for example, to the
market index, or certain clusters of sectors.

2.3. Simple market model

A realistic market model needs to incorporate correlations between stocks, as shown
by Noh [14]. We start to use a multifactor market model with terms for each market,
where we create random time series ri(t) for each stock i:

ri(t) = %i + &1iRM1(t) + &2iRM2(t) + &3iRM3(t) + 'i(t), (8)

where RMj is the return of the index of market Mj (j = 1, 2, 3),

RMj (t) =
(

i#Mj

Ri(t), (9)
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and 'i(t) is a Gaussian-distributed random number. The parameters % and & are
estimated by the least squares method for multivariate data analysis between the
real returns Ri and the indices of each market RMj:

% = !R" # &1!RM1" # &2!RM2" # &3!RM3",

&1 =
$X1 # &2$12 # &3$13

$11
,

&2 =
$X2$11 # $X1$12 + &3($12$13 # $23$11)

$11$22 # $12
2

,

&3 =
($11$X3 # $X1$13)($11$22 # $12

2) + ($X2$11 # $X1$12)($12$13 # $23$11)
($11$33 # $13

2)($11$22 # $12
2) # ($12$13 # $23$11)2

,

where $ij is the covariance between indices of two markets,

$ij = !RMiRMj " # !RMi"!RMj ", (10)

and $Xj is the covariance between the return of the stock i and the index of the
market j:

$Xj = !RiRMj " # !Ri"!RMj ". (11)

The values of % are around zero, as expected by the zero mean of stock returns.
For each stock, depending on which market it belongs to, we find that the highest
value of & is the one for the market to which the stock belongs (there are just two
cases for each portfolio where this rule does not apply). Thus the model Eq. (8),
can be reduced to

ri(t) = %i + &iRMj (t) + 'i(t), (12)

where RMj is the index of the market j and we just use the one to which the stock
i belongs. The parameters %i and &i are estimated by the least squares method
between the real returns and the index of the market to which the stock belongs:

%i = !Ri" # &i!RMj ", (13)

&i =
!RiRMj " # !Ri" · !RMj "
!(RMj )2" # !RMj "2

. (14)

In the next section we compare the results of an eigensystem analysis of the real
time series and the series obtained from the market model (also called the “random
time series”).

3. Results

From both portfolios, we choose only the stocks that belong to the industrial sectors
present in each of the three markets, so our study is made, first, for a total of 198
stocks which belong to 7 di!erent industrial sectors (portfolio A) and, second, for
a total of 641 stocks which belong to 9 di!erent industrial sectors (portfolio B).
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Table 1. Correlations between market returns for portfolio A: Paris (PAR),
Amsterdam (AMS) and Brussels (BRU). “Random” is for the returns of ran-
dom time series (market model). Correlations for the same market but between
random and real market returns are very high — almost 1. Correlations between
pairs of di!erent markets are extremely positive.

PAR AMS BRU
Real Random Real Random Real Random
1.0 0.97 0.79 0.75 Real PAR

1.0 0.72 0.68 Random
1.0 0.94 0.74 Real AMS

1.0 0.65 Random
1.0 0.93 Real BRU

1.0 Random

Table 2. Correlations between market returns for portfolio B: Paris (PAR),
London (LON) and New York (NYSE). “Random” is for the returns of random
time series (market model). The index of returns of random and real markets is
almost completely correlated for the London and New York cases. Correlations
between the returns of New York and of any other market are very low.

PAR LON NYSE
Real Random Real Random Real Random
1.0 0.97 0.67 0.25 Real PAR

1.0 0.65 0.24 Random
1.0 0.99 0.29 Real LON

1.0 0.29 Random
1.0 0.99 Real NYSE

1.0 Random

The index for each market calculated from the random time series [rMj (t) =$
i#Mj

ri(t), j = 1, 2, 3] is compared with the index calculated from the real time
series [RMj (t), Eq. (9)]. The correlation between two indices is computed from
Eq. (1), where we use the return of each index, instead of the return of stocks.
Tables 1 and 2 show that the correlations are higher for portfolio A, as is expected
since the markets are in the same geographical cluster [11].

The distribution of eigenvalues for the random correlation matrix and the real
correlation matrix is shown in Figs. 1 and 2 for portfolios A and B, respectively.

In both portfolios, the random time series leads to three eigenvalues outside the
predicted region, as shown by Lillo et al. for multifactor models [15], while there are
more than three eigenvalues outside this region for the real data. For portfolio A
(Fig. 1), the highest eigenvalue for the random case has almost the same value as the
highest one for the real data. For portfolio B (Fig. 2), the two highest eigenvalues
for the random case have almost the same value as the two highest for the real
data.

Heimo et al. [16] have shown that there is a strong correlation between the mean
correlation coe"cient and the highest eigenvalue of the correlation matrix. The fact
that the highest eigenvalues of both random and real cases are very similar indicates
that this model is properly constructed, in the sense that the mean correlation
coe"cients of real and random data is the same.
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Fig. 1. Distribution of eigenvalues of the correlation matrix created from random time series
(top) and from real time series (bottom) for portfolio A. In both cases the highest eigenvalue has
almost the same value. The vertical lines, in the insets, indicate the region predicted by random
matrix theory, !min = 0.5600, !max = 1.5667. Arrows point to eigenvalues that are outside this
region.
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Fig. 2. Distribution of eigenvalues of the correlation matrix from random time series (top) and
from real time series (bottom) for portfolios B. In both cases the two highest eigenvalue have
almost the same value. The vertical lines, in the insets, indicate the region predicted by random
matrix theory, !min = 0.2994, !max = 2.1107. Arrows point to eigenvalues that are outside this
region.
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The information contained in the eigenvalues is retrieved by looking at the
corresponding eigenvectors. A quantitative factor calculated from the eigenvec-
tors is the inverse participation ratio (IPR) [7]. The IPR of an eigenvector uk is
given by

Ik =
N(

i=1

)
uk

i

*4
, (15)

where uk
i is the ith element of the eigenvector k. This quantity has two limits: one

when all the elements of the eigenvector have the same value (Ik & 1/
(

N) and
another one when one element has value 1 and all other elements are zero (Ik & 1).
For both portfolios we can compare the IPR for the real and random cases in Figs. 3
and 4.

If we look carefully at the elements of each eigenvector, we can see which stocks
contribute more to each eigenvector and also if there is a common market or indus-
trial sector in these eigenvectors that contributes more. To study the influence of
groups of stocks in each eigenvector, we group our stocks in markets and industrial
sectors. We compute the mean value and variance for each market/industrial sector.
The mean value of the eigenvector k, for a group of stocks of market m and sector
s, is given by

!µk"m,s =
1

Nm,s

(

i#Mm,i#Ss

uk
i , (16)
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Fig. 3. Inverse participation ratio from random time series (gray circles) and real time series
(black circles) for portfolio A in a log–log scale. The vertical lines indicate the region predicted
by random matrix theory, !min = 0.5600, !max = 1.5667.
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Fig. 4. Inverse participation ratio from random time series (gray circles) and real time series
(black circles) for portfolio B in a log–log scale. The vertical lines indicate the region predicted by
random matrix theory, !min = 0.2994, !max = 2.1107.

where uk
i is again the ith element of the eigenvector k, Mm represents the market

m, Ss represents the sector s and Nm,s is the number of stocks that belong to
the sector s of the market m. The symbol !· · ·"m,s represents the mean over the
elements that belong to the market m and the sector s. The respective variance of
elements of m and s is given by

![µk]2"m,s # !µk"2m,s =
1

Nm,s

(

i#Mm,i#Ss

"
uk

i # !µk"m,s

#2
. (17)

In Figs. 5–9 we plot the mean with error bars as the standard deviation (square
root of the variance) for all the markets and sectors for some eigenvectors.

For both portfolios the IPR of the highest eigenvector is low (Figs. 3 and 4),
which can be interpreted as the collective response of the markets to any external
factors, and for some authors [6,7] it is interpreted as the market index. We can see
this behaviour in the top pictures of Figs. 5 and 8, where all elements are positive.
This corresponds to the general trend of all stocks, and it also specifies how each
stock contributes to the overall index.

For portfolio A the eigenvectors corresponding to the second (bottom picture of
Fig. 5) and third (top picture of Fig. 6) highest eigenvalues do not show segregation
in terms of industrial sectors or markets, but the eigenvector corresponding to the
fourth highest eigenvalue (bottom picture of Fig. 6) shows almost all the sectors
from Paris with positive sign and all the sectors from Amsterdam with negative
sign. For the fifth (left picture of Fig. 7) and sixth (right picture of Fig. 7) highest
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Fig. 5. Elements of the eigenvectors corresponding to the two largest eigenvalues for the study of
portfolio A. The elements are grouped in markets and industrial sectors. The pictures correspond
to the two highest eigenvalues for the real time series (left) and for the random time series (right).
The top pictures are for the highest eigenvalue and the bottom ones for the second highest. The
eight industrial sectors represented are: (a) basic materials; (b) consumer goods; (c) consumer
services; (d) financials; (e) health care; (f) industrials; (g) technology; (h) utilities.

eigenvalues, almost all the sectors from Amsterdam are positive, and for the fifth
case all the sectors from Brussels are negative.

For portfolio B the eigenvector corresponding to the second highest eigenvalue
(bottom picture of Fig. 8) shows a segregation between the sectors from New York
(positive) and the sectors from Paris and London (negative). The eigenvector cor-
responding to the third highest eigenvalue (top picture of Fig. 9) shows almost all
the sectors from New York with positive sign, almost all the sectors from Paris with
negative sign and all stocks from the sector technology with negative sign. For the
fourth highest eigenvalue (bottom picture of Fig. 9), all the sectors of Paris are
positive. From Fig. 4 we can see that the sixth and seventh highest eigenvectors of
portfolio B have high values of the IPR compared with the other eigenvectors. The
reason is that there are a few stocks that contribute almost alone to these eigenval-
ues. For the sixth highest eigenvalue this contribution comes from the oil and gas
companies of the New York market which belong to the sub-sector oil equipment
and services. For the seventh highest eigenvalue this contribution comes from the
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Fig. 6. Elements of the eigenvectors corresponding to the third and fourth largest eigenvalues for
the study of portfolio A for real time series. The elements are grouped in markets and industrial
sectors. The pictures correspond to the third and fourth highest eigenvalues for the real time
series (left) and for the random time series (right). The top pictures are for the third highest
eigenvalue and the bottom ones for the fourth highest. The eight industrial sectors represented
are: (a) basic materials; (b) consumer goods; (c) consumer services; (d) financials; (e) health care;
(f) industrials; (g) technology; (h) utilities.
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Fig. 7. Elements of the eigenvectors corresponding to the fifth (left) and sixth (right) largest
eigenvalues for the study of portfolio A. The elements are grouped in markets and industrial
sectors. The eight industrial sectors represented are: (a) basic materials; (b) consumer goods;
(c) consumer services; (d) financials; (e) health care; (f) industrials; (g) technology; (h) utilities.
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Fig. 8. Elements of the eigenvectors corresponding to the two largest eigenvalues for the study of
portfolio B. The elements are grouped in markets and industrial sectors. The pictures correspond
to the two highest eigenvalues for the real time series (left) and for the random time series (right).
The top pictures are for the highest eigenvalue and the bottom ones for the second highest. The
nine industrial sectors represented are: (a) basic materials; (b) consumer goods; (c) consumer
services; (d) financials; (e) health care; (f) industrials; (g) oil and gas; (h) technology; (i) utilities.

financial companies of the New York market which belong to the sub-sector real
estate investment trusts.

Analyzing the results from the market model, we see that the eigenvectors corre-
sponding to the eigenvalues outside the region predicted by random matrix theory
behave in the same way for both portfolios (Figs. 5, 6, 8 and 9). The eigenvector
corresponding to the second highest eigenvalue (bottom picture of Figs. 5 and 8)
shows the segregation of stocks from one market (Paris and New York have posi-
tive sign, for portfolios A and B, respectively) related with the other two (all the
other stocks have negative sign). The eigenvector corresponding to the third high-
est eigenvalue (top picture of Figs. 6 and 9) shows the vanishing importance of the
stocks that belong to the market that segregated in the previous eigenvalue, and
the segregation between the stocks of the remaining two markets. The eigenvector
corresponding to the fourth highest eigenvalue (bottom picture of Figs. 6 and 9),
which is already inside the region predicted by random matrix theory, shows no
segregation between markets or industrial sectors.
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Fig. 9. Elements of the eigenvectors corresponding to the third and fourth largest eigenvalues
for the study of portfolio B. The elements are grouped in markets and industrial sectors. The
pictures correspond to the third and fourth highest eigenvalues for the real time series (left) and
for the random time series (right). The top pictures are for the third highest eigenvalue and the
bottom ones for the fourth highest. The nine industrial sectors represented are: (a) basic materials;
(b) consumer goods; (c) consumer services; (d) financials; (e) health care; (f) industrials; (g) oil
and gas; (h) technology; (i) utilities.

4. Conclusions

To the best of our knowledge, this is the first time correlations between stocks
from three di!erent countries have been studied and compared with the outcome
of a market model where the main factor is the mean return of each of the three
markets.

The study of the eigensystem of correlations between stocks shows some partic-
ular behavior for each eigenvalue outside the region predicted by random matrix
theory. The highest eigenvalue shows the general trend of the market, because all
the elements of the eigenvector corresponding to this eigenvalue have positive sign.
Other eigenvalues outside the region predicted by random matrix theory show some
kind of segregation between sectors of di!erent markets. But we see from two di!er-
ent portfolios that there is not a rule about which eigenvalue should represent which
market. For the case of a portfolio of stocks from Paris, Amsterdam and Brussels,
the segregation between stocks of di!erent markets is very weak. But for a portfolio
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of stocks from Paris, London and New York there is a strong segregation between
the sectors of New York and the sectors of Paris and London. This strong segrega-
tion can be an artificial feature of the time zone di!erences. When we compare the
correlations between markets of the two portfolios, we conclude that for a portfo-
lio composed of markets from the same geographical location, the correlations are
much higher than for the case where we include stocks from New York. A further
study with high frequency data, instead of daily closing prices, could be the next
step towards understanding the segregation between stocks of markets located in
di!erent time zones.

This same segregation is reproduced in our simple market model. Our market
model is also able to reproduce some values of the inverse participation ratio, which
serve to quantify the distribution of elements of an eigenvector. For the case of
stocks from Paris, London and New York, good agreement between real and random
cases for the values of the first two eigenvalues and the values of the IPR of these
eigenvalues is achieved. This might be one of the reasons why the segregation is not
so visible for portfolio A, as the IPR for the real and random cases looks identical
only for the highest eigenvalue.

A model with more correlations between stocks of di!erent markets will be
necessary to achieve the behaviour that some eigenvalues showed in our study.
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